Abstract. -We study the arithmetic of certain Del Pezzo surfaces of degree 2. We produce examples of Brauer-Manin obstruction to the Hasse principle, coming from 2-and 4-torsion elements in the Brauer group.
in general position. In the last case the Del Pezzo surface has degree equal to 9 minus the number of points in the blow-up. The arithmetic of Del Pezzo surfaces over number fields is an active area of investigation. It is known that the Hasse principle holds for Del Pezzo surfaces of degree at least 5.
Counterexamples to the Hasse principle were discovered for Del Pezzo surfaces of degrees 3 and 4 (see [12] and [8] , respectively). A growing body of evidence (e.g., [3] ) led to the question of whether the failure of the Hasse principle for Del Pezzo surfaces is always explained by the Brauer-Manin obstruction; this question is specifically raised by Colliot-Thélène and Sansuc in [5] . Computer verifications for diagonal cubics in [4] and theoretical advances, e.g., [2] , [10] , [14] , lend support to an affirmative answer to this question.
A general smooth Del Pezzo surface of degree 2 can be realized as a double cover of P 2 ramified in a smooth curve of degree 4. In this note we consider surfaces S over Q of the form (1.1)
We compute their Galois-theoretic invariant Br(S)/Br(Q) and produce examples of obstruction to the Hasse principle (see [4] , [9] for background). Of particular interest is Example 7.6, where the obstruction comes from a 4-torsion element in the Brauer group. By [13] , only 2-and 3-torsion Brauer group elements occur for Del Pezzo surfaces of degree ≥ 3. The tool we use is group cohomology. Let F be a Galois extension of Q, and let G denote the Galois group Gal(F/Q). If Pic(S F ) is equal to the geometric Picard group M := Pic(S Q ) then we have (1.2) Br(S)/Br(Q) = H 1 (G, M ).
More generally, the Hochschild-Serre spectral sequence gives rise to the following exact sequence:
(1.3) 0 −→ Pic(S) −→ Pic(S F ) G −→ ker(Br(Q)→Br(F )) −→ ker(Br(S)→Br(S F )) −→ H 1 (G, Pic(S F )) −→ H 3 (G, F * ).
We compute the group in (1.2) and represent lifts of elements to Br(S) by Azumaya algebras. By (1.3) and cohomological dimension, such lifts exist after possibly enlarging F ; in practice we find it is often possible to take [F : Q] quite small and still have H 1 (G, Pic(S F )) isomorphic to H 1 (G, M ) and the final map in (1.3) trivial. Lastly, we explain the computation of local invariants and obtain the above-mentioned examples.
In an Appendix we show that in the case of the diagonal cubics considered in [4] the present techniques give rise to cyclic Azumaya algebras. This simplifies the construction of cocycle representatives and the local obstruction analysis, as compared with the original consideration of bicyclic group cohomology.
The authors would like to thank J.-L. Colliot-Thélène for helpful discussions and correspondence.
Geometry
Consider the surface S given by the equation Multiplying the equations (2.3) by a scalar doesn't change the line it defines, so it is natural to index the line by an element (α, β, γ) ∈ µ 3 4 /µ 4 . Each bitangent lifts to a pair of exceptional curves in S: for example, the preimage of the line given by δax + by = 0 is the pair of curves with equations
These will be denoted by L z,δ,± . There are 24 exceptional curves lying over the lines in (2.2). The preimages of the lines in (2.3) are given by
The ambiguity ± is resolved by scaling the tuple (α, β, γ), so that we can choose + and consider (α, β, γ) ∈ µ 3 4 /µ 2 . The 56 exceptional curves are denoted as follows:
Each exceptional curve has self-intersection (−1). Each pair of curves lying above a bitangent to the Fermat quartic has intersection number 2. Other intersection numbers are 0 or 1 and are readily determined. From this the intersection matrix can be constructed. Let ζ = e πi/4 . Then one sees that the Picard group is a free abelian group with generators:
Moreover, we have in the Picard group:
The anticanonical class is (2.6)
Since the anticanonical class is the class of any pair of curves lying above a bitangent, the class of any exceptional curve can be read off from (2.4)-(2.6).
Galois group -generic case
Let G be the Galois group of the extension
over Q (where ζ = e πi/4 ). The subextension Q(ζ)/Q corresponds to a normal subgroup H of index 4. The quotient group is the Klein four-group. In the generic case, when |G| = 128, we have the generators
The corresponding action of G on exceptional curves is given by
Now we can build the matrices which encode the action of the various generators on the Picard group Pic(S F ). For instance for ι a the matrix is:
Group cohomology
We start with a review of group cohomology. Let G be a finite group and let M a G-module. A standard free resolution of Z is given as follows:
, where the augmentation map Z[G] → Z is given by g → 1 (for all g ∈ G) and where each map in C G
• is of the form
The action of g ∈ G on any of the terms in (4.1) is the diagonal left multiplication action. We may identify
where the unique non-zero entry g is in the g -th position. We also identify
where the unique non-zero entry g is in the (g , g )-th position. After these identifications, the complex Hom(C G • , M ) is identified with
Here the g -th coordinate of the map
is identified with the i-th cohomology of (4.4). For instance, the kernel of d 0 is the module M G of G-invariants of M . Now let H be a subgroup of G. Since restriction is an exact functor, C G • is a resolution of Z as an H-module. We choose a set Q ⊂ G of coset representatives, so G = q∈Q Hq.
We have an isomorphism of H-modules
where h appears in the q-th position (h ∈ H, q ∈ Q). Also
where h appears in the (q, h , q ) position. We can project the resolution C G
• to the standard resolution C H • . Under the identification (4.5) the map on the degree zero component is the sum of the |Q| projection maps. Under the identifications (4.2) and (4.6) the map on the degree 1 component sends the element (0, . . . , h, . . . , 0) from (4.6) to (0, . . . , h, . . . , 0) with h in the h position. Applying Hom H (−, M ) we get an inclusion of complexes
, and via our identifications,
This allows us to take elements of H i (H, M ), represented as cocycles via the standard resolution, and realize them as cocycles in the complex Hom H (C G • , M ). Now we discuss cohomology of group extensions. Assume that there is an exact sequence of groups
Then Q acts on the cohomology H q (H, M ) for all q and there is an associated standard spectral sequence
This leads to a 5-term exact sequence (4.9)
For the purpose of computing d 0,1 2 , we describe explicitly the spectral sequence at the E 0 level. There is an action of Q on the complex Hom H (C G • , M ), which is induced from the G action on this complex that combines the conjugation of G on itself with its action on M . This Q action has invariants Hom G (C G
• , M ). Moreover, each term is acyclic as a Q-module. This leads to the E 0 -term of the spectral sequence (4.8)
In the special case where G is a semi-direct product of H and Q, we have identifications (4.5) and (4.6). Nowq ∈ Q acts on elements of the groups appearing in the bottom row of (4.7) as follows:
For finite abelian groups G there are more efficient resolutions than the standard resolution. In each of the following representative cases we give an alternative resolution of Z by free Z[G]-modules together with explicit maps from the standard resolution to the more efficient resolution. This allows us to compute the images of cocycles from the efficient resolution in the standard resolution.
Notations 4.1. -Let G be a finite abelian group and g ∈ G an element of order n. Put
. . , g ν ∈ G and i 1 , . . . , i ν ∈ Z the element in C G 1 which, under the identification (4.2) is the vector (0, . . . , 1, . . . , 0) with 1 in the (g
which, under the identification (4.3) is the vector (0, . . . , 1, . . . , 0) with 1 in the (g
with quasi-isomorphism
given by (4.12)
is the ith cohomology of
where
given by
where g (resp. h) is a generator of Z/n (resp. Z/m).
where g (resp. h, resp. u) is a generator of Z/n (resp. Z/m, Z/ ).
The existence of efficient resolutions is not limited to the case of abelian groups. For instance, taking G = D n , the dihedral group with generators g and h and relations g n = h 2 = ghgh = e, it is an exercise in linear algebra to verify that there is a resolution
and
In each case, given a G-module M we apply Hom G (−, M ) to every complex above. This provides a practical method for computing group cohomology of finite abelian groups. The dual maps are notated as above but with the super-and subscripts interchanged. For example,
Computation of Br(S)/Br(Q) in the generic case
In this section we explain the computation of H 1 (G, M ), where M = Pic(S F ), in the generic case. We have an exact sequence
with H = (Z/4) 2 ⊕ (Z/2) and Q = (Z/2) 2 . In principle, H 1 (G, M ) can be computed using the standard resolution (4.4). However, in this case the map d 1 would be given by a 131072×1024-matrix, which makes direct computations impractical. Exploiting the fact that G is an extension of one abelian group by another, we can use the spectral sequence technique, explained in Section 4, to simpify the computation significantly.
In the following, we will constantly refer to the diagram in Figure 1 . First we compute M H = M G = Z, spanned by the canonical class. In particular,
The group H 1 (H, M ) is computed by the complex on the left side of the diagram. In this diagram the horizontal arrows labeled σ i [4, 4, 4] and χ i give quasi-isomorphisms of complexes. The linear algebra required to compute Ker(M 3 → M 6 ) is quite modest and the cohomology group is identified as
It remains to take a single cocycle representative of the non-zero element of H 1 (H, M ) and follow it through the diagram to determine whether it lies in the kernel of d 0,1 2 . Remark 5.1. -In this case the class is automatically Q-invariant since Z/2 has only the identity automorphism. In general, as we point out below, at a certain point in the diagram chase this invariance is naturally tested.
We start with a representative in M 3 for the nontrivial element λ ∈ H 1 (H, M ), for instance 
In the present case, we get 0; in general, a linear solver can test whether or not it is a coboundary.
The non-generic case
We start by presenting some examples when the Galois group is smaller than in the generic case.
Example 6.1. -Consider the case (A, B, C) = (−6, −3, 2). The Galois group of the field F , defined in (3.1), has order 32; it is an extension of the Klein four-group by (Z/4) ⊕ (Z/2). However, in this way it is not a split extension. On the other hand, we can use the split extension
where H = (Z/4) 2 , generated by ι a ι b and στ ι a ι c , and the image of Z/2 in G is generated by σ. In this case, we compute H 1 (H, M ) = 0. By (4.9), H 1 (G, M ) is isomorphic to H 1 (Z/2, M H ). We find that M H has rank 2, spanned by (1, 1, 1, 1, 1, 1, 1, −3) ,
hence M H is isomorphic to Z ⊕ Z , where Z is free of rank 1 with non-trivial Z/2-action. So, we have
As in the generic case, we have M G = Z, that is Pic(S) has rank 1. 
and Pic(S) has rank 2.
Example 6.3. -The case (A, B, C) = (1, 1, 1) yields G = Gal(Q(ζ)/Q), the Klein four-group, and we directly compute
In this case Pic(S) has rank 1.
The comprehensive treatment proceeds via a case-by-case computer analysis of all subgroups of the generic Galois group, such that in the exact sequence (5.1) the subgroup maps onto Q. These correspond to field extensions containing the eighth roots of unity. Each such subgroup (it is enough to consider conjugacy classes of subgroups) is a semi-direct product of abelian groups, and hence yields to the sort of analysis of the examples of this section. By means of an exhaustive computer run, we obtain Theorem 6.4. -Let S have the form (1.1). Then Br(S)/Br(Q) is isomorphic to one of the following groups:
Examples of Brauer-Manin obstruction
Here we compute the Brauer-Manin obstruction to the Hasse principle in several representative cases. In all the examples below the surface S has points in all completions of Q. 
in (4.9) with M H spanned by (1, 1, 1, 1, 1, 1, 1, −3) and (1, 1, 1, 1, 1, 1, 0, −2) . Hence, as in Example 6.1, we have
In light of (7. where g is any rational function on S satisfying div(g) = α + α; here the bar denotes complex conjugation. Let D be the curve given by −5x 2 − 2y 2 + 9z 2 = 0 and
Then the cycle α = D − (z = 0) (the sum of the curve and a canonical divisor) has the required class in M . So with
we have (−1, g) ∈ Br(S).
Observe that the image of Z in P 2 is the conic having four tangencies with the quartic (2.1), at the points (±1 : ± √ 2 : 1). So we find g > 0 at all Q-points of the plane. It is necessary to complete p-adic analysis only at the primes p = 2 and p = 3 (since 5-adically, Q[i] is a split extension of Q). For the 2-adic analysis, we assume x, y, and z to be 2-adic integers, not all even, and find by analysis mod 16 that the condition −25x 4 − 5y 4 + 45z 4 should be a 2-adic square implies x and z are odd and y is even. So, without loss of generality, we may take z = 1. By mod 32 analysis, the only possible values of (x, y) mod 8 are (1, 2), (1, 6), (3, 0), (3, 4), (5, 0), (5, 4), (7, 2), (7, 6 ).
In each case we find g = 12 (mod 16), hence (−1, g) is ramified at all 2-adic points of S. By a similar analysis mod 27 we find that at any 3-adic point x and y are prime to 3, hence so is g, and (−1, g) is unramified at all 3-adic points of S. Therefore S provides an example of Brauer-Manin obstruction to the Hasse principle. The computation of the group cohomology is exactly as in Example 6.1. So,
We proceed as in Example 7.1.
By the condition on p we may write
for integers u and v. Now we compute the equation of the conic tangent to the quartic at the points (± u/p, ± 2v/p) and find that with the curve D given by −ux 2 − vy 2 + z 2 = 0 and
the cycle α = D − (z = 0) has the correct class in M . Now we analyze the ramification pattern of (−1, g) where
The analysis is simplest if we assume u = 1 (mod 4) and v = 1 (mod 4) (until now, u and v have been determined only up to sign; this fixes the signs). Then (−1, g) is (i) unramified over R (at any rational point);
(ii) ramified at all 2-adic points of S; (iii) unramified at all p-adic points of S; and there is a Brauer-Manin obstruction to the Hasse principle. We leave the verification of (i)-(ii) to the reader. For (iii) we need the following lemma.
Lemma 7.3. -Let p be a prime with p = 3 (mod 16). Write p = u 2 + 2v 2 for integers u and v with u = 1 (mod 4) and v = 1 (mod 4). Now, if we let y be a solution to y 4 = −2 (mod p) then we have vy 2 = u (mod p).
Proof. -The two square roots of −2 mod p are ±uv −1 . So y 2 = ±uv −1 (mod p) and the lemma is asserting that the correct sign is +, or equivalently, that uv is a quadratic residue mod p. By quadratic reciprocity,
If p is a prime dividing v, then p is a quadratic residue mod p . This and a similar consideration when p divides u yield
By mod 16 analysis, u is congruent to 1 or 7 mod 8, hence
So, as required, uv is a quadratic residue mod p.
To establish (iii) we claim that for any p-adic integer solution (w, x, y, z) to (1.1), with not all of w, x, y, and z divisible by p, the p-adic integer z 2 g = −ux 2 − vy 2 + z 2 is not divisible by p. Indeed, since 2 is not a quadratic residue mod p we must have p dividing z, hence x and y are nonzero mod p. Without loss of generality we suppose x = 1. Now y must be a fourth root of −2 mod p. The claim follows from Lemma 7.3. 
. Therefore, we can construct a quaternion algebra as in Example 7.1. In this case,
Let θ = √ −ABC, and let (r 0 : s 0 : t 0 ) be a Q(θ)-rational point on the conic
(this exists by the Hasse principle). Then
defines a conic over Q(θ), meeting the quartic curve (2.1) in 4 tangencies. We have the identity
Hence there is a curve D on S Q(θ) defined by
such that the union of D and its conjugate is rationally equivalent to twice the anticanonical class. This rational equivalence is given explicitly by the rational function
where we suppose t 0 ∈ Q and write r 0 = r 1 + r 2 θ and
To test the Brauer-Manin obstruction to the Hasse principle for S, one has to analyze the quaternion algebra (−ABC, g)
at real-and Q p -valued points of S (for p dividing 2ABC). To see that this case sometimes yields a nontrivial Brauer-Manin obstruction, consider (A, B, C) = (−126, −91, 78). Here we may take r 0 = −13, s 0 = −12, and t 0 = 21, and g is proportional to
In this case the quaternion algebra (−ABC, 3 + 2(y/x) 2 + 3(z/x) 2 ) is ramified at all Q 2 -points of S and unramified at all points in other completions.
Example 7.5. -The case (A, B, C) = (34, 34, 34 ). Here G = Gal(F/Q) is isomorphic to (Z/2) 3 :
We have H 1 (G, M ) = (Z/2) 3 . In fact, for the index-two subgroup
we have M H spanned by 
Here, of course, σ in G/H acts nontrivially on the first three vectors in (7.2) and trivially on the last. We have
Using (4.13) we can identify elements of Br(S)/Br(Q) with the image of the (−1)-eigenspace of M H (under the σ-action). To produce quaternion algebras representing a given element of Br(S)/Br(Q) we need to find divisors defined over Q( √ −17) representing particular classes in M H . Notice that the class of any combination of exceptional curves defined over Q( √ −17) in M H is a coboundary of (4.13). Hence, we need additional cycles defined over Q( √ −17). We use descent to produce line bundles on S Q( √ −17) and obtain the desired cycles as loci of vanishing of rational sections of these line bundles.
Here we explicitly carry out the task of representing the class of the first entry of (7.2) in Br(S). Set ρ = ι a ι b ι c σ. Over F = Q( √ −17, ζ) we have
These constitute descent data (for the covering S F → S Q(
commutes. The isomorphisms given by
w and ξ = ε ζy + z ζ 3 y + z , satisfy this condition if and only if δ, η ∈ F satisfy
We find that one solution is
Then, by effective descent, we obtain a line bundle E on S Q( √ −17) . Using (7.4) and descent, we see that
defines a rational section of E. We write f as a quotient of quartic polynomials and observe that f has (with respect to local trivializations of E) a simple pole along 7 ,+ and a zero of order one along some curve Z. Then, by (7.3), we deduce that
in the Picard group. Therefore, if h ∈ Q(S) defines a rational equivalence between Z ∪ σ(Z) and some hyperplane sections, then the quaternion algebra (−17, h) represents an element of Br(S) of the desired class in Br(S)/Br(Q).
Denoting by g the numerator of f , we have
The simultaneous vanishing of g, ρ(g), τ (g), and ρτ (g) defines the curve Z.
Equivalently, writing
we have Z defined by the vanishing p i for i = 0, . . ., 3. A unique (up to scale) Q( √ −17) linear combination of these is defined over Q, namely
Then h = h 1 /x 4 is as desired. Cyclically permuting the variables x, y, and z, we obtain polynomials h 2 and h 3 such that the classes of (−17, h i /x 4 ) generate Br(S)/Br(Q). The ramification pattern of an Azumaya algebra is an invariant of its class in Br(S). However, in practice, the ramification pattern of an algebra (−17, h i /x 4 ) is difficult to test on p-adic points where h i vanishes. Hence, it is helpful to have several rational functions that determine the same class in Br(S)/Br(Q). We can obtain additional such functions by repeating the previous construction for different choices of δ and ε satisfying (7.4) . In the present case, it is easier to use symmetry to obtain these functions. Allowing all permutations of the variables x, y, and z, we obtain additional polynomials h 4 , h 5 , and h 6 such that (−17, h i /x 4 ) and (−17, h i+3 /x 4 ) represent the same class in Br(S)/Br(Q) for all i.
Let q i ∈ Br(S) denote the class of (−17, h i /x 4 ), for each i. Here are the results of the local analysis, confirming the presence of a Brauer-Manin obstruction:
-q i is unramified on S(R), for all i; -S(Q 2 ) is the disjoint union of two nonempty sets, U and R, such that each q i is unramified on U , and such that for 1 ≤ i ≤ 3 and any r ∈ R, one of {q i , q i+3 } (and a posteriori the other as well) is ramified at r; -q i is unramified on S(Q p ) for all i and p / ∈ {2, 17}, and hence in particular
-At any point of S(Q 17 ), exactly two of {q 1 , q 2 , q 3 } are ramified.
Example 7.6. -The case (A, B, C) = (−9826, −2, 136) = (−2p 3 , −2, 8p) where p = 17 illustrates working with a non-cyclic Azumaya algebra. We have F = Q(ζ, 4 √ p). The Galois group of F over Q has order 16: 
We remark that the exceptional curves L α,β,γ (α, β, γ ∈ µ 4 ) are defined over F u . The quotient G := G/ u is isomorphic to the dihedral group D 4 ; generators g := ι 3 a ι c and h := ι b ι 3 c σ satisfy g 4 = h 2 = ghgh = e. We use the resolution of Section 4 to identify classes in
modulo those of the form (v − gv, v − hv). Now a generator of H 1 (G , M u ) is the class of (v 1 , 0) where
Another representative for the same cohomology class is (v 2 , 0) where
To produce an Azumaya algebra from one of these cocycles (v i , 0) we must find rational equivalences that reflect the identities (7.5). Luckily, for each of the cycle representatives given in (7.6) and (7.7), the result of applying N gh is equal to zero as a cycle. So it remains only to find rational functions whose divisors are N g applied to these cycle representatives. For (7.6), a function that vanishes on
and has a simple pole along
The corresponding rational equivalence for (7.7) is
For i = 1 and 2 we have f i h(f i ) = 1, hence
is the cocycle data for an Azumaya algebra A i on S. We claim A 1 and A 2 are equal in Br(S) and are:
-unramified at all points of S(Q 2 ); -ramified at all points of S(Q 17 ); -unramified at all points of S(R).
The last of these claims is clear, since (f i , 1, 1) ∈ S 1 × {1} × {1} at any point of S(R) (where S 1 ⊂ C * denotes the unit circle) and this is a connected subgroup of the group of cocycles, hence trivial in cohomology. For the claim regarding 2-adic points, we pause to discuss the cohomology group H 2 (D 4 , Q 2 (i, 4 √ 17) * ), where generators act by
Consider the diagram of field extensions, where labels indicate fixed fields. 
t t t t t t t t t t t t t
Now by the resolution for D 4 of Section 4, a 2-cocycle is (r, s, t) with
where in each instance, N denotes the norm from the respective field to Q 2 . Coboundaries are triples
√ 17) * . At every 2-adic point of S, at least one of f 1 and f 2 is well-defined; at some points, both are. The only values that occur mod 32 are:
We claim that for any cocycle (f, 1, 1) with f (necessarily in The 17-adic analysis is simpler because Q 17 has square roots of −1, and hence we are reduced to analyzing norms for the extension Q 17 → Q 17 ( 4 √ 17). Norms for this extensions are precisely powers of 17 times fourth powers in Z * 17 . Evaluating f 1 at points of S(Q 17 ) and substituting a square root of −1 for i, we get only the classes 8 and 15 mod 17, and these are not fourth powers.
Appendix: Cyclic Azumaya algebras on diagonal cubics
In [4] , there is an analysis of the Brauer-Manin obstruction on a diagonal cubic surface S, given by (8.1)
with A, B, C, and D positive integers. Let θ = e 2πi/3 ; first of all, S(Q) = ∅ if and only if S(Q(θ)) = ∅, and hence it suffices to work over the field k := Q(θ). The analysis proceeds by constructing Azumaya algebras that are split by a bicyclic extension of k and computing local invariants.
Here we simplify the algorithm proposed in op. cit. by constructing cyclic Azumaya algebras on S k which generate Br(S k )/Br(k). We use descent to exhibit the necessary cycles, as in Example 7.5.
We start by making the following assumption:
(in all other cases, the Hasse principle is known to hold). Then we define
We assume, further, that S(
We need notation for the following divisors on Sk:
Now L + M is comprised of 6 pairwise disjoint lines; blowing these down we have Sk → P 2 k . Take to be the class of a general line in P 2 k , so
By results in op. cit., we have Z/3 = H 1 (Z/3, Pic(S k(γ) )) ∼ → Br(S k )/Br(k), generated by the class in H 1 (Z/3, Pic(S k(γ) )) of − L or − M (where we use (4.13) to identify elements with cohomology classes). The authors of op. cit. propose the following procedure to obtain a nontrivial Azumaya algebra on S k : (i) Find a divisor D defined over k(γ) in the class − L or − M ,
(ii) Find a function in k(S) whose divisor is the union of D and its Galois conjugates. Unfortunately, the classes in Pic(S k(γ) ) of sums of lines defined over S k(γ) fail to represent any nonzero elements of H 1 (Z/3, Pic(S k(γ) )), and the further field extension required to find suitable sums of lines accounts for much of the complication of the analysis of op. cit.
We show that (i) can be carried out by solving a norm equation. Then (ii) reduces to some linear algebra. For (i), we start with the further field extension k(γ) → K and the divisor D := L (2) − L (0) in class − M (cf. op. cit). Denote by σ the element of Gal(K/k(γ)) which sends α to θα. For the line bundle O S K (D) to descend to k(γ) we must supply an isomorphism
Looking at the defining equations, we see ξ must be of the form ξ = ε z + βt x + αy for some ε ∈ k(γ). Now the condition (8.4) is equivalent to Equation (8.6) has a solution, by the Hasse principle. There is also an a priori bound on the size of some solution [11] . An effective algorithm exists; see for example [7] . Algorithms from [1] and [6] have been implemented in magma. Define k = k(γ). By descent we have a line bundle E on S k . Also by descent, a rational section of E is given by f = 1 + σ 2 (ξ) + σ(ξ)σ 2 (ξ) = (x+θαy)(x+θ 2 αy) + σ 2 ε(x+θαy)(z+θ 2 βt) + σεσ 2 ε(z+θβt)(z+θ 2 βt) (x+θαy)(x+θ 2 αy)
To justify the claim, notice first that there exists a rational function on S k whose divisor is 3H − C − ρC − ρ 2 C, where H is a hyperplane section and ρ is a generator of Gal(k /k). Next, by a dimension computation, we have an isomorphism H 0 (P It is enough to verify this over the algebraic closure, and we are reduced to the case of (g 0 , g 1 , g 2 ) defining the twisted cubic, for which it is a standard computation.
